Abstract. Let G be a reductive group over an algebraically closed field of positive characteristic. Let C be a smooth projective curve over k. We give a description of the moduli space of flat G-bundles in terms of the moduli space of G-Higgs bundles over the Frobenius twist C ′ of C. This description can be regarded as the non-abelian Hodge theory for curves in positive characteristic. Let C be a Riemann surface, and G c be a compact Lie group with G its complexification. Let (E, ∇, φ), where E is a C ∞ -principal G c -bundle, ∇ is a C ∞ -connection on C, and φ ∈ ad(E) ⊗ A 1,0 is a (1, 0) form on C with valued in the adjoint bundle ad(E). Then the famous Hitchin's equations are (1.1)
Introduction
Let C be a Riemann surface, and G c be a compact Lie group with G its complexification. Let (E, ∇, φ) , where E is a C ∞ -principal G c -bundle, ∇ is a C ∞ -connection on C, and φ ∈ ad(E) ⊗ A 1,0 is a (1, 0) form on C with valued in the adjoint bundle ad(E). Then the famous Hitchin's equations are (1.1)
where F (∇) is the curvature of ∇, φ * is the complex conjugation of φ (with respect to G c ), and ∇ ′′ is the (0, 1)-component of the connection ∇. Hitchin obtained his equations by a dimension reduction from 4D to 2D of the selfdual Yang-Mills equations, and found that the space of solutions of (1.1) has spectacular geometric properties. Namely, let (E, ∇, φ) be a solution. Then ∇ ′′ endows E ⊗ C with a structure as a holomorphic G-bundle, and φ as a holomorphic ad(E)-valued 1-form, i.e φ ∈ Γ(C, ad(E) ⊗ ω C ). Then the pair (E, φ) form a Higgs bundle. On the other hand, the connection∇ = ∇+(φ+φ * ) is flat by (1.1). It is a well-known fact that a flat C ∞ -bundle on C is the same as a holomorphic G-bundle with a flat connection, i.e., the pair (E,∇) form a de Rham G-local system. Hitchin showed that if a Higgs bundle (E, φ) on C arises as a solution of (1.1) if and only it is (poly)stable with vanishing Chern class. Furthermore, the solution corresponding to (E, φ) is unique up to gauge transforms. In the other direction, Donaldson proved that every (semi)simple de Rham G-local system arises as a (unique up to gauge transforms) of the solution of (1.1). In this way, one established a bijection between the stable G-Higgs bundles with vanishing Chern classes and the irreducible G-local systems on C, which is furthermore a homeomorphism of the corresponding moduli spaces. This is what Simpson([S] ) called the non-abelian Hodge theory for C 1 . Note that the (0, 1)-form φ * plays a fundamental role as its presence changes the holomorphic structure on E.
It has been for a while to search a version of this correspondence in characteristic p case ( [O, OV] ). However, compared with the story over C, the picture is not very complete. In [OV] , the Simpson correspondence is only established for connections with nilpotent pcurvatures 2 .
In this note, we will establish a full version of the non-abelian Hodge theory for curves. For this purpose, let us try to write down the analogue of the Hitchin's equation in characteristic p. Assume that G and C are defined over an algebraically closed field k of characteristic p > 0. We assume that p does not divide the order of the Weyl group of G. Let F C : C → C ′ be the relative Frobenius map, where C ′ is the pullback of C along the absolute Frobenius of k. Let (E,∇) be a de Rham G-local system on X. In characteristic p, one can associate (E,∇) its p-curvature, which is an F -Higgs field Ψ(∇) ∈ ad(E)⊗F * C ω C ′ . Let θ ∈ ad(E)⊗ω C . The analogue of Hitchin's equations (1.1) in characteristic p we have in mind are (1.2) Ψ(∇ − θ) = 0, (∇ − θ)(Ψ(∇)) = 0.
Let us explain the meaning of these equations. Let(E,∇, θ) be a solution. Then we can endow E with a new flat connection ∇ =∇ − θ, whose p-curvature vanishes by the first equation of (1.2). Therefore, by the Cartier decent, E with this new connection is a pullback of a G-torsor E ′ on C ′ . The second equation in (1.2) implies that the F -Higgs field Ψ(∇) is horizontal with respect to ∇ and therefore is a pull back of φ ′ ∈ ad(E ′ ) ⊗ ω C ′ , again by the Cartier decent. In other words, a solution of (1.2) gives rises to a Higgs bundle (E ′ , φ ′ ) on C ′ . Note that similar to (1.1), our first equation is about the (p-)curvature and the second equation is about the horizontality of some Lie algebra valued one-from. Note that the role θ is similar to the role of φ * in (1.1). As is well-known, the p-curvature Ψ(∇) is horizontal with respect to the connection∇. Therefore, the second equation in (1.2) reduces to a matrix equation (1.3) [Ψ(∇), θ] = 0.
On the other hand, the first equation (1.2) is an ODE of order p− 1. Indeed, it is well-known if we choose a coordinate z on C, and let A ∈ M n (k [[z] ]) be a k [[z] ]-valued n×n matrix, then the p-curvature of the connection ∂ z + A can be represented as the matrix (∂ z + A) p−1 A. Therefore, (1.2) in principle should be much simpler than (1.1) as the latter are non-linear PDEs.
Unfortunately, despite of its simple nature, we do not know how to solve (1.2) directly. The work of [OV, §4.1] essentially shows that if G = GL n , (1.2) has solutionsétale locally on C. The proof is not elementary and is based on the Azumaya property of the sheaf of crystalline operators. It seems that this approach has some difficulties to generalize to groups other than GL n . The main problem, as we shall see, is that there is no canonical solution of (1.2) unless Ψ(∇) is nilpotent. So it is not clear (for us) how to apply the Tannakian formalism here. In addition, the methods of loc. cit. seems not to give the information of the global solutions. In fact, Equation(1.2) themselves are just local avatar of some global equations we now explain.
Note that (1.3) says that θ ∈ LieAut(E, Ψ(∇)). The group scheme Aut(E, Ψ(∇)) on C is not well-behaved as the dimension of its fibers might jump. By the work of [DG, N1] , the F -Higgs bundle (E, Ψ(∇)) defines a smooth commutative group scheme J b p over C, where b p is the characteristic polynomial of Ψ(∇). This is the so-called regular centralizer of the Higgs field (E, Ψ(∇)), which canonically maps to Aut(E, Ψ(∇)). Our first observation is that instead of imposing θ ∈ LieAut(E, Ψ(∇)), it is better to require θ ∈ LieJ b p . Our second observation is that the group scheme J b p is the Frobenius pullback of a smooth group scheme J ′ b ′ on C
′3
, and by §A, it makes sense to talk about J b p -torsors with flat connections. In addition, given a J b p -torsor with a connection (P, ∇ P ), there is a "product" connection ∇ P ⊗E on the G-torsor P ⊗ E := P × J b p E. Now the true global analogue of θ is a J b p -torsor with a connection (P, ∇ P ) and the global equation is given by (1.4) Ψ(∇ P ⊗E ) = 0.
Note that as Ψ(∇) is preserved by J b p , (P ⊗ E, Ψ(∇)) is an F -Higgs bundle and (1.4) implies that it is a pullback of a Higgs bundle (E ′ , φ ′ ) on C ′ . One can show that after a trivialization of P and write ∇ P = d + θ, where d is the canonical connection on the trivial J b p -bundle, (1.4) becomes (1.2). We will call a solution (P, ∇ P ) of (1.4) is harmonic bundle, a name introduced by Simpson [S] . See Remark 3.18 for an explanation of the terminology.
Let us denote by H the moduli space of harmonic bundles. One can show that this is an algebraic stack over the Hitchin base B ′ for the curve C ′ . In fact, in the main context, we will give another definition of H , which makes it clear an algebraic stack over B ′ . Let J ′ denote the regular centralizer group scheme on C ′ × B ′ and P ′ denote the Picard stack over B ′ of J ′ -torsors. Then there is an action of P ′ on H by tensoring a harmonic bundle with the Frobenius pullback of a J ′ -torsor. Our first result is Theorem 1.1. Under this action, the stack H form a P ′ -torsor.
It is not difficult to prove that the action of P ′ on H is simply-transitive. So the essentially point is to show that the map H → B ′ is surjective. Now we state the main theorem of the note. Let Higgs ′ G denote the moduli space of Higgs bundles on C ′ . Recall that according to [N1, N2] , there is a canonical action of P Remark 1.4. In the case G = GL n , this corollary is one of the main theorems of [G] , which extends a result of [BB] that establishes the above isomorphism away from the discriminant locus of B ′ . In fact, for G = GL n , the P ′ -torsor H can be identified with the stack S introduced in [G, §3.1] . However, the isomorphism C was not obtained in loc. cit..
Let us discuss some new features of non-abelian Hodge theory in characteristic p. First, our theorem is stated for all G-Higgs fields and all flat G-bundles, while over C such a correspondence could only be possible for (poly)stable Higgs bundles with vanishing Chern classes and (semi)simple flat G-local systems. Second, in characteristic p, what exists is the isomorphism C rather than a direct isomorphism between Higgs ′ G and LocSys G . This is the reminiscence in characteristic p of the transcendental nature of the Simpson correspondence over C. Third, as the isomorphism C is algebraic, one can compare directly between the tangent spaces of Higgs ′ G and LocSys G . In particular, one can obtain the comparison between Higgs cohomology and de Rham cohomology as a consequence of the global isomorphism C.
The relation between our work and the construction of [OV] (in the curve case) is as follows. The construction of [OV] amounts to the restriction of C to 0 ∈ B ′ . Namely, upon
3 But F -Higgs bundle (E, Ψ(∇)) is of course not the Frobenius pullback! a choice of a lifting of C ′ to W 2 (k), H | 0 admits a canonical trivialization (see §3.4), and thus C induces an isomorphism between the moduli of nilpotent G-Higgs bundles over C ′ and the moduli of flat G-bundles with nilpotent p-curvatures.
We also mention that the results in this note will play a fundamental role in our subsequent paper [CZ] to establish the (generic) geometric Langlands duality in prime characteristic. The main step is to identify the P ′ -torsor H with another P ′ -torsor over B ′ constructed from the Langlands dual group. We refer [CZ] for details.
Finally, it will be very interesting to find a generalization of these results to higher dimensional varieties. We just remark that Equation (1.2) makes sense for higher dimensional varieties. But solutions should only exist for those varieties that can be lifted to W 2 (k) .
Let us briefly summarize the following sections. We will review the theory of Hitchin fibrations in §2, mostly following [N1, N2] . Readers familiar with this theory can skip most of it and go to §2.3 directly. Our main theorem is proved in §3. We construct the p-Hitchin map in §3.1, and then prove Theorem 1.1 in §3.2 by some cohomological argument. A briefly discuss the trivialization of the P ′ 0 -torsor H | 0 is in §3.4. We establish our main theorem in §3.3. The proof is rather formal, after we develop some general theories in Appendix A, which might be of independent interests. More precisely, we first develop the notion of the scheme of horizontal sections of a D X -scheme, which is the right adjoint of the pullback of X ′ -schemes along the relative Frobenius. This is analogous to the same named notion in characteristic zero case developed in ( [BD, §2.6] ). Next, we develop the theory of de Rham G-local systems for a non-constant group scheme G over X. The main observation is that the only additional input is a flat connection on G itself compatible with the group structure. We finish the note with a construction for every smooth commutative group scheme G ′ over X ′ , a 4-term exact sequence ofétale sheaves on X ′ , which for G ′ = G m specializes to famous exact sequence as in [IL, §2.1] .
We introduce the notations used throughout the note. We fix a smooth projective curve C of genus at least 2 over an algebraically closed field k of characteristic p > 0. Let ω = ω C be the canonical line bundle of C.
Let S be a Noetherian scheme and X → S be an algebraic stack over S. If pO S = 0, we denote by F r S : S → S be the absolute Frobenius map of S. We have the following commutative diagram
where the square is Cartesian. We call X (S) the Frobenius twist of X along S, and F X /S : X → X (S) the relative Frobenius morphism. If the base scheme S is clear, X (S) is also denoted by X ′ for simplicity and F X /S is denoted by F X or F . Let G be a smooth affine group scheme over X, and E be a G-torsor on X. We denote by Aut(E) = E × G G the adjoint torsor and ad(E) the adjoint bundle. Let G be a reductive algebraic group over k of rank l. We denote by g the Lie algebras of G. We assume that p does not divide the order of the Weyl group W of G.
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Recollections of Hitchin fibrations
In this section, we review some basic geometric facts of Hitchin fibrations, mostly following [N1, N2] . Readers familiar with this theory can directly jump to the next section, probably except §2.3. 
W is isomorphic to a polynomial ring of l variables u 1 , . . . , u l and each u i is homogeneous in degree 
, for each k-scheme S the groupoid Higgs G,L (S) consists of maps:
Equivalently, Higgs G,L (S) consists of a pair (E, φ) (called a Higgs bundle), where E is a G-torsor over C × S and φ is an element in Γ(C × S, ad(E) ⊗ L). If the group G is clear from the content, we simply write
This is called the Hitchin base of G.
We are mostly interested in the case L = ω. For simplicity, from now on we denote B = B ω , Higgs = Higgs ω , h = h ω , and Higgs b = Higgs ωC ,b , etc. We sometimes also write Higgs G for Higgs to emphasize the group G.
We fix a square root κ = ω 1/2 (called a theta characteristic) of ω. Recall that in this case, there is a section ǫ κ : B → Higgs of h : Higgs → B, induced by the Kostant section kos : c → g. Sometimes, we also call ǫ κ the Kostant section of the Hitchin fibration, and denote it by κ for simplicity.
Symmetries of Hitchin fibration.
Consider the group scheme I over g consisting of pair
The group scheme I is not flat, but when restricted to the open subset of regular elements g reg , it is smooth. We define J = kos * I, This is called the universal centralizer group scheme of g, which is a smooth commutative group scheme over c. The following proposition is proved in [DG, N1] Proposition 2.1. There is a canonical isomorphism of group schemes χ * J| g reg ≃ I| g reg , which extends to a morphism of group schemes a :
All the above constructions can be twisted. Namely, there are G m -actions on I and J, so that the natural morphisms J → c and
As above, we denote J = J ω and I = I ω if no confusion will arise.
Let
2.3. The tautological section τ : c → LieJ. Recall that by Proposition 2.1, there is a canonical isomorphism χ * J| g reg ≃ I| g reg . The sheaf of Lie algebras Lie(I| g reg ) ⊂ g reg × g admits a tautological section given by x → x ∈ I x for x ∈ g reg . Clearly, this section descends to give a tautological section τ : c → LieJ. We have the following property of τ .
Lemma 2.2. Let x ∈ g, and a x : J χ(x) → I x ⊂ G be the homomorphism as in Proposition 2.1 (1). Then da x (τ (x)) = x.
Proof. Consider the universal situation x = id : g → g. Then we need to show that
But by definition, this is true when restricted to g reg ⊂ g. Therefore it holds over g.
Remark 2.3. In particular, if we take x = 0, this shows that da 0 : LieJ χ(0) → g is not injective. I.e. the map a : χ * J → I is either injective nor surjective over a general x ∈ g.
Observe that G m acts on g reg × g via natural homothethies on both factors, and therefore on χ
In addition, τ is G m -equivariant with respect to this G m action on LieJ and the natural G m action on c. Therefore, if we define
which is a canonical section of the projection pr : B J,L → B L . As before, we omit the subscript L if L = ω for brevity.
The non-abelian Hodge theory
Let LocSys G (or LocSys for brevity) be the moduli space of G-local systems on the curve C. The natural map LocSys G → Bun G can be regarded as a deformation of the map π :
On the other hand, T * Bun G is just the moduli of Higgs field Higgs G and there is the Hitchin fibration h : Higgs G → B. In this section, we show that in the case char k = p > 0, there is also a deformation of the Hitchin fibration h. More precisely, we will construct the p-Hitchin map h p : LocSys G → B ′ , which is a reminiscence of the classical Hitchin map in many aspects. In particular, we prove the non-abelian Hodge theory for C, which among other things, implies thatétale locally on B ′ , h p is the "same" as h ′ : Higgs
For some general discussions of local systems on a smooth variety, we refer to Appendix A.
3.1. The p-Hitchin map for G-local systems. Let LocSys G be the stack of G-local system on C, i.e. for every scheme S over k, LocSys G (S) is the groupoid of all G-torsors E on C × S together with a connection ∇ :
. We call such a pair an F -Higgs field. The assignment (E, ∇) → (E, Ψ(∇)) defines a map
Observe that the pullback along F C : C → C ′ induces a natural map
In what follows, for b ′ ∈ B ′ , we denote by b p the image of b ′ under the map
Theorem 3.1. There is a unique morphism h p : LocSys G → B ′ , making the following diagram commute: Consider the following diagram
Proof. The argument is a variation of the proof of [LP, Proposition 3.2] . Let (E, ∇) ∈ LocSys G and let Ψ ∈ Γ(C, ad(E) ⊗ ω p ) be the p-curvature of ∇. As c ω p is the pullback along
it has a canonical connection ∇ can and the scheme of horizontal sections c
ip ) is flat with respect to ∇ can on ω ip . This is a local question, therefore, we can assume that
The p-curvature Ψ can be written as
where we regard ∂ z , Ψ and A as elements inT E , the Lie algeboid of infinitesimal symmetry of E and [ , ] is the natural bracket onT E (cf. Appendix A). Now we claim that (3.1) implies for any polynomial function f on g we have
where we denote by A · f the action of A ∈ g on f ∈ k[g] induced by the adjoint action of G on g. The claim implies the theorem because for an invariant polynomial f we have A · f = 0. To prove this, note that
Now by a direct calculation (considering f as a polynomial function on the vector space g), one can show that it is equal to ∂ z f (Ψ). The theorem follows.
We call h p the p-Hitchin fibration. Its fiber over b ′ is denoted by LocSys G,b ′ .
Similarly to the usual Hitchin fibration, there is a large symmetry of the p-Hitchin fibration. We need a lemma. Let (E, ∇) be a G-local system on C and Ψ = Ψ(∇) ∈ ad(E) ⊗ ω p be the p-curvature. It induces a morphism a E,Ψ : J b p → Aut(E) as in (2.1). Observe that
We refer to §A for the detailed discussion of D C -group schemes.
Lemma 3.2. The morphism a E,Ψ is horizontal.
is a horizontal morphism of D C -schemes. We apply the above construction to the following diagram
where a : χ * J → G × g is as in Proposition 2.1 (1). We thus obtain a horizontal morphism
Finally, the lemma follows by applying the construction to L = ω p with the canonical connection, and φ = Ψ = Ψ(∇). Now applying the formulation §A.7, we obtain a morphism LocSys
The question is local so one can assume that bundles are trivial. Then it is a direct calculation. We refer to Lemma 3.15 for more details, where a similar statement is proved. We identify P ′ with the substack of LocSys J p with vanishing p-curvature. Then we obtain, Proposition 3.4. There is a natural action
Remark 3.5. Alternatively, one can see the action of P ′ on LocSys G as follows. One can define a sheaf Aut(E, ∇) on X ′ et by assigning everyétale map f :
One can show that there Aut(E) ∇ = Aut(E, ∇) asétale sheaves on X ′ . Then it follows from Lemma 3.2 that an action of J 
Proof. Regard LocSys J p and B ′ J ′ as smooth Picard stacks over B ′ , the map h J ′ is additive (A.7). Now Lemma A.11 identifies the tangent map dh J ′ at the unit with the edge map c :
in the "second spectral sequence" that calculating the hypercohomology of the de Rham complex (LieJ p → LieJ p ⊗ ω C ). But the latter is surjective in this case.
Recall the section τ ′ :
By Corollary A.7, this is a pseudo P ′ -torsor. An object in H is a J p -local system (P, ∇) with a specific p-curvature. We will call such a pair (P, ∇ P ) a harmonic bundle, a name borrowed from Simpson ([S] ). See Remark 3.18 for an explanation.
Theorem 3.7. The stack H is a P ′ -torsor.
The rest of this subsection is devoted to the proof of this theorem. By Lemma 3.6, H is smooth over B ′ . So it is enough to show that H → B ′ is surjective. We will fix b
. We need to show that [b ′ ] is trivial. We begin with the following lemma. Recall that an unipotent group over a field K is called K-split if it admits a composition series with successive quotients K-isomorphic to G a .
Lemma 3.10. The unipotent group U is K-split.
Proof. Let F be the separable closure of K. By [CGP, Theorem B.3.4] , it is enough to show that U F := U ⊗ K F is F -split. We first construct a G m -action on U F defined over F . Let x = x s + x u be the Jordan decomposition and Lη := G xs η be the centralizer of
. It is known that x u ∈ LieLη is regular nilpotent and we have
There exists a co-character 2ρ L :
4 Notice that xs, xu ∈ g(F ) are not necessary in g(F ) since F is not perfect.
We claim that the action map 2ρ L (G m ) is defined over F . Since the closed embedding i : J 0 η ֒→ Gη is defined over F , it is enough to show that the composition
→ Lη ֒→ Gη, which is defined over F since it factors through a maximal torus of Gη and any maximal torus of Gη and homomorphism between torus are defined over F . Since the the adjoint action Ad of Gη is also defined over F , so is a. This finishes the construction of a G m -action on J We next show that the action 2ρ L (G m ) on U F has only nontrivial weights on LieU F . It is enough to prove the same statement overF . Let B L be the Borel subgroup of Lη such that x u ∈ LieU L , here U L is the unipotent radical of B L . Without loss of generality, we can assume x u = α∈∆L x α and 2ρ L = α∈∆L α ∨ , where ∆ L is the set of simple roots of Lη determined by B L and x α is a non-zero element in the corresponding root space. We have UF = U xu L ⊂ U L and the statement follows from the fact that the action 2ρ L (G m ) on UF is the restriction of the conjugate action of 2ρ L on U L and the later action has only nontrivial weights on LieU L .
We have constructed an action of G m on U F over F with only nontrivial weights on LieU F . Then the lemma will follow from the general result.
Lemma 3.11. Let U be a smooth connected commutative affine unipotent group over a separably closed field F of charF = p > 0. If we have an action χ(G m ) of G m on U over F with only nontrivial weights on LieU , then U is F -split.
Proof. Now by [CGP, Theorem B.3.4] , there is a unique smooth connected F -split Fsubgroup U s of U such that U w := U/U s is F -wound (see loc. cit. for the definition of F -wound). We need to show U w is trivial. By the uniqueness of U s , the action χ(G m ) will perverse U s and it induces a G m -action on U w . On the other hand, by [CGP, Theorem B.4 .3], any G m -action over F on an F -wound smooth connected unipotent group is trivial, thus G m acts trivially on U w and its Lie algebra LieU w is in the zero weight space of LieU which is zero by assumption. It implies U w is trivial since U w is smooth and connected.
Lemma 3.12. We have
Proof. We have an exact sequence
On the other hand, U is K-split we have H i (SpecK, U ) = 0 for i ≥ 1. We are done.
Finally, we prove Proposition 3.9. Since C is a curve we have
Indeed, the i-th direct image is the sheaf associated with the functor S → H i (SpecK × C S, J 0 η ). Now SpecK × C S is anétale extension over SpecK, and thus it made up by finitely many separable extension of K. Their cohomology vanishes by Lemma 3.12. By Leray spectral sequence, this gives us
, which vanishes by Lemma 3.12. This finished the proof.
Example 3.13. Let us look at the most singular case b = 0 ∈ B(k). We assume that G is semisimple for simplicity. Then
As the group (G e ) 0 is smooth connected and unipotent over an algebraically closed field k, J 0 η is K-split. 3.3. The main theorem. We first construct Theorem-Definition 3.14. There is a canonical morphism of stacks over B
Proof. The construction of the morphism C is given as follows. For any ( .1)) and therefore via pullback there is a horizontal morphism of D C -groups
where F * E ′ is equipped with the canonical connection. Now, let G 1 = J b p , G 2 = Aut(F * E ′ ) and G 3 = G as in §A.7 and apply the construction there. Then given (P, ∇) ∈ LocSys J p , one can therefore form a G-local system
It is easy to see that this induces a morphism C : 
which can be checked directly by definitions.
To show that C is a morphism over B ′ , it is enough to show the following lemma.
Then the question is local on C. Therefore, we can assume that E ′ and P are trivialized, and can denote the map
By definition, the p-curvature of the G-local system F * E ′ = G × C is zero, and the pcurvature of (P,
By the diagram (A.6), it is then easy to see that the p-curvature of (
, and therefore its image under g ω p → c ω p is b p . The lemma follows.
Remark 3.16. It is clear from the construction that C is P ′ -equivariant.
Our main theorem is
Theorem 3.17. The morphism C is an isomorphism.
Proof. To prove that C is an isomorphism, we will construct the inverse morphism. This is essentially explained in the introduction: Given (Ẽ,∇) is G-local system, a solution of the equation (1.4) defines a Higgs bundle (E ′ , ψ ′ ). Here we make it precise. Namely, by Corollary A.7, the pseudo P ′ -torsor LocSys
In particular, it is a P ′ -torsor. Therefore, it is enough to construct a morphism
We can apply the construction of Appendix A.7 to G 1 = J b p , G 2 = Aut(E) and G 3 = G. Let (P, ∇ P ) be a J b p -local system with the p-curvature −τ (b p ) so thatẼ = (a E,Ψ ) * P ⊗ E is a G-local system. In addition, there is an F-Higgs fieldΨ onẼ. Indeed, (Ẽ,Ψ) is the twist of (E, Ψ) by the underlying J b p -torsor P . In particular, under the classical Hitchin map h ω p :
We show that the connection on the G-local systemẼ has vanishing p-curvature andΨ is horizontal. Then (Ẽ,Ψ) = F * (E ′ , Ψ ′ ), and h
This construction provides the inverse map of C.
The question is local on C. We can trivialize P and E and ω C . Then Ψ ∈ g ⊗ O C , Ψ P ∈ LieJ b p , and by Lemma 2.2, da E,Ψ : LieJ b p → g ⊗ O C will send Ψ P to −Ψ.
Note that the p-curvature ofẼ with respect to its connection∇ (do not confuse withΨ) is given by
Finally, we show thatΨ is horizontal. Again, the question is local and we pick up the trivialization of P . Then under the isomorphismẼ ≃ E of G-bundles,
It is known from [DG, N1] that Higgs Remark 3.18. Upon a choice of the Kostant section, we have H ≃ LocSys reg G . Therefore objects in H can be regarded as a G-bundle E with a connection and a Higgs field that induces the reduction of the structure group of E to J p . This is an analogue of a harmonic bundle introduced in [S] , which is a C ∞ -bundle equipped with a Higgs field and a flat connection that are related by a harmonic metric. For this reason, we call H the stack of harmonic bundles.
Remark 3.19. It is instructive to look at the isomorphism C in the case when
′ be the corresponding spectral curve. Recall that a Higgs field (E ′ , φ ′ ) with the characteristic polynomial b ′ can be regarded as a coherent sheaf on S
and H can be regarded as the stack of rank n vector bundles with connections (E, ∇) on C, such that the F -Higgs field (E, φ(∇)) realizes E as an invertible sheaf L on S b p . Therefore, for such a (E, ∇), the direct image of L along S b p → S 3.4. Trivialization of H 0 . We briefly study the trivialization of the P ′ -torsor H over 0 ∈ B ′ . We first deal the case G = PGL 2 , which is closely related to the geometry of the curve itself.
C ′ is regarded as an affine vector group over C ′ .
As a result,
Proof. This is essentially a reformulation of [OV, Theorem 4.5] in the curve case. Given a lifting C ′ of C ′ to W 2 (k), we construct an object in H 0 as follows. As explained in [OV, §1] ,
such that the p-curvature of E is given by
C ′ torsor on C, equipped with a connection
5
. This defines an object of H 0 .
This construction induces a morphism from the
. As a corollary, in the case G = PGL 2 a choice of the lifting of C ′ to W 2 (k) gives rise to a trivialization of H 0 . The same is true for G = SL 2 , as J
. Now for a general G, we fix an principal ϕ : SL 2 → G. Via pushout, we see the same is true for general G.
Appendix A. The Stack of G-local systems
In this appendix we discuss the notion of (de Rham) G-local systems and their p-curvatures. We will fix a smooth morphism X → S of noetherian schemes (however all discussions carry through without change if X is a smooth Deligne-Mumford stack), and a smooth affine group scheme G over X. We do not assume that G is constant or is fiberwise connected. The main example is the regular centralizer group scheme J b p as in the note.
For any scheme X → S smooth over S, we denote by T X/S (resp. Ω X/S ) its tangent (resp. cotangent) sheaf relative to S, or sometimes by T X (resp. Ω X ) if no confusion will likely arise. We denote by D X/S (or by D X for simplicity) the sheaf of crystalline differential operators on X as in [BB, OV] .
A.1. The scheme of horizontal sections. We begin to develop the theory of scheme of horizontal sections of a D X -scheme in characteristic p, analogous to [BD, Proposition 2.6.2] .
Lemma A.1 (Cartier descent).
(1) For any quasi-coherent sheaf L on X ′ , there is a canonical D X -module structure on F * (L) and the assignment L → F * (L) defines an equivalence between the category of quasi-coherent sheaves on X ′ and the category of D X -modules on X with zero p-curvature, with an inverse functor given by taking flat sections F → F ∇ . (2) The above equivalence is a tensor equivalence, i.e., for any
is compatible with their D X -modules structures coming from part (1).
5 This is in fact the torsor of lifting of the Frobenius F :
Then there is a canonical D X -algebra structure on F * (B) and the assignment L → F * (L) defines an equivalence between the category of O X ′ -algebras on X ′ and the category of D X -algebra on X with zero p-curvature.
Proof. Part (1) is the standard Cartier descent. Part (3) follows from Part (2), which can be proved by a direct computation.
Lemma A.2.
(1) The functor M ′ → F * M ′ admits a left adjoint functor, i.e. for a D X -algebra N there is a O X ′ -algebra H ∇ (N) such that
Proof. Let ∇ be the connection of N. We denote by Ψ the p-curvature of ∇. We can think of Ψ as a map Ψ :
Let Ψ(N) be the ideal of N generated by the image of Ψ. We define N Ψ = N/Ψ(N). Since ∇ commutes with Ψ, the O X -algebra N Ψ carries a connection and we define the following O X ′ -algebra
Let us show that H ∇ (N) satisfies our requirement. For any O X ′ -algebra M ′ , the p-curvature of F * M ′ is zero, and therefore we have
On the other hand, since the p-curvature of N Ψ is zero, by Lemma A.1, we have
This proved part 1). By Lemma A.1 again, we have N Ψ = F * (H ∇ (N)) and it implies the canonical map N → N ψ = F * (H ∇ (N)) is surjective. This proved part 2).
Let N be a commutative D X -algebra. Then the O X ′ -algebra H ∇ (N) is commutative by (2). We called the X ′ -scheme
the scheme of horizontal sections. Let N and N Ψ be the D X -scheme associated to the commutative D X -algebras N and N Ψ . We have
and N Ψ ⊂ N is the maximal closed subscheme of N that is constant with respect to the connection.
A.2. Connection on G-torsor. In order to talk about a connection on a G-torsor, we need to assume that G itself is a D X/S -group scheme. Then it carries a flat connection which is compatible with the group structure, i.e. there is a connection
which is compatible with the unit, the multiplication and the co-multiplication on O G .
Given a G-torsor E, we define a flat connection on E to be the following data 1) A connection ∇ : O E → O E ⊗ OX Ω X/S which is compatible with the multiplication of
We denote by LocSys G the stack of G-torsors with flat connections (or G-local systems). Note that the following discussions do not require the representability of this stack.
Example A.3. In the case of constant group scheme
The above definition reduces to the standard one.
Example A.4. Assume that pO S = 0. Let X ′ be the Frobenius twist of X along S and F : X → X ′ be the relative Frobenius map. Let G ′ be a smooth affine group scheme over X ′ . Then the group scheme F * G ′ has a canonical connection, and for any G ′ -torsor E ′ , there is a canonical connection on the
, and therefore the connection on O X will induce a connection on O F * G which is compatible with group structure. For the same reason, F * E ′ also carries a connection and one can check that this connection satisfied above requirements.
A.3. Lie algebroid definition. We give a Lie algebroid definition of connection. Let G be a affine group scheme with connection. Let E be a G-torsor. Let us denote by T E the Lie algebroid of infinitesimal symmetry of E: a section of T E is a pair (v,ṽ), where v ∈ T X/S andṽ ∈ T E is a vector field on E such that:
(1) The restriction onṽ to
is a lifting of v).
(2)ṽ is G-invariant, i.e. the following diagram commutes
We have the following exact sequence
A connection ∇ on E is a splitting of this exact sequence, i.e. ∇ is a map ∇ : T X/S → T E such that σ • ∇ = id. If in addition ∇ is a Lie algebroid homomorphism, we say that ∇ is a flat connection.
A.4. Grothendieck's approach. Let ∆ : X → X × S X be the diagonal embedding and let X
(1) be the first infinitesimal neighborhood of ∆. We denote by p 1 , p 2 : X (1) → X to be the first and second projections. Let G be a smooth affine group scheme over X. A flat connection on G is an isomorphism of group schemes
(1) The restriction of ∇ G to ∆ is the identity map.
(2) Let ∆ 3 : X → X × X × X be the diagonal embedding. Let X (1) 3 be the first infinitesimal neighborhood of ∆ 3 (X). We denote by π 1 , π 2 and π 3 three projections from X ×X ×X to X. The isomorphism
. We require f 13 = f 23 • f 12 .
Given two smooth affine group schemes G 1 and G 2 with connections and a groups scheme homomorphism h : G 1 → G 2 which is compatible with the connection (we call h horizontal). For any (E, ∇) ∈ LocSys G1 we can form the fiber product h * E = E × G1,h G 2 , which is a G 2 -torsor. Moreover, one can show (for example by using the formulation in §A.4) that the connection on E will induce a connection h * ∇ on h * E. Thus the assignment (E, ∇) → (h * E, h * ∇) defines a functor (A.4) h * : LocSys G1 → LocSys G2 , sometimes called the induction functor. Let G 2 and G 3 be two D X/S -groups. Let P ∈ LocSys G2 and E ∈ LocSys G1×G3 . We can form the fiber product
which is a G 3 -torsor. Moreover, connections on P and E will induce a connection ∇ P ⊗E on P ⊗ E and the assignment (P,
sometimes called the tensor functor.
A.8. The p-curvature. Let us now assume that pO S = 0. The p-curvature of the D Xgroup G is a mapping
such that for any v ∈ F * T X ′ , the following diagram is commutative
By §A.1, Ψ(∇ G ) = 0 if and only if the canonical map F * G ∇ → G is an isomorphism. Likewise, let (E, ∇) ∈ LocSys G . Then the p-curvature of (E, ∇) is a mapping Ψ(∇) :
such that for any v ∈ F * T X ′ , the following diagram is commutative (A.6)
If Ψ(∇ G ) = 0, then the image of Ψ(∇) lands in ad(E), and therefore the p-curvature mapping is regarded as a section
Example A.6. Consider the case of Example A.4. The F * G ′ -torsor F * E ′ carries a connection and one can easily check that the p-curvature of this connection is zero. Therefore, we have a functor
The functor F * induces an equivalence between the category of G ′ -torsors on X ′ and the category of G-local systems with zero p-curvature. In fact, the inverse functor is given by E → E ∇ .
A.9. The commutative case. Assume that G ′ is commutative on X ′ and G = F * G ′ . For any G-torsor E, ad(E) ≃ Lie G canonically. If (E, ∇) ∈ LocSys G , then by the Cartier descent, Ψ(∇) ∈ Γ(X, Lie G ⊗ F * Ω X ′ /S ) is the pullback of a unique element in Γ(X ′ , LieG ′ ⊗ Ω X ′ /S ). Therefore, taking p-curvature can be regarded as a map
where T = Γ(X ′ , LieG ′ ⊗ Ω X ′ /S ) is regarded as a space over S, whose fiber over s ∈ S is Γ(X
. This is called the p-Hitchin map (see Theorem 3.1 for the noncommutative analogue).
As G is commutative, given two G-local systems (E 1 , ∇ 1 ), (E 2 , ∇ 2 ), the induction E 1 × G E 2 is a natural G-local system. Then we have
Combining with Example A.6, we have Corollary A.7. Assume that G ′ is commutative. Then the stack of G-local systems with a fixed p-curvature ψ ∈ T is a (pseudo) torsor under the Picard stack Bun G ′ .
We will give an interpretation of this (pseudo) Bun G ′ -torsor, generalizing [OV, Proposition 4 .13] for G = G m .
Let Z X/S be the sheaf of closed one forms on X. Then F * Z X/S is an O X ′ -module. Recall the sheaf of flat connections (LieG ⊗ Ω X/S ) cl on the trivial G-torsor E 0 as in §A.5. Under our assumptions of G, F * (LieG ⊗ Ω X/S ) cl = LieG ′ ⊗ O X ′ F * Z X/S , where Z X/S is the sheaf of closed one-forms on X. Then the p-Hitchin map h p induces an additive map ofétale sheaves on X ′ ,
As in the case G = G m , this map fits into the following four term exact sequence of sheaves on X Proof. It is clear from the definition of d log that the kernel of F * d log is G ∇ = G ′ . Next, we show that the sequence is exact at LieG ′ ⊗F * Z X/S . As explained in §A.5, (E 0 , ∇ 0 +d log(g)) ≃ (E 0 , ∇ 0 ). As the latter has zero p-curvature, we see that h p • F * d log = 0. On the other hand, if ∇ = ∇ 0 + ω is a flat connection on E 0 with zero p-curvature, then by Example A.6 E ′ = (E 0 ) ∇ is a G ′ -torsor. and there is a canonical isomorphism α : F * E ′ ≃ E 0 .Étale locally, we can trivialize E ′ so we can choose β : (E 0 ) ′ ≃ E ′ . Then we obtain a section g = α • F * β ∈ G, and it is not hard to check that ω = d log(g). Note that if G = G m , the argument shows that this sequence is exact at LieG ′ ⊗ F * Z X/S even Zariski locally on X ′ , which is well-known.
Finally, we show that h p is surjective. Unlike G = G m , there is no explicit formula for the p-linear map of LieG, and the usual argument of the explicit calculation does not apply here.
Recall that if V is a locally free O X ′ -module of finite rank, Spec Sym O X ′ V ∨ is a vector bundle on X ′ whose sheaf of sections are V. Let V 1 and V 2 be the vector bundle on X ′ corresponding to LieG ′ ⊗ F * Z X/S and LieG ′ ⊗ Ω X ′ /S respectively. Although h p is not O X ′ -linear, we have Lemma A.9. The map h p is induced by a smooth surjective homomorphism of commutative group schemes p : V 1 → V 2 .
